Weyl points, synthetic magnetic monopoles in the 3D momentum space, are the key features of topological Weyl semimetals. The observation of Weyl points in ultracold atomic gases usually relies on the realization of high-dimensional spin-orbit coupling (SOC) for two pseudospin states (i.e., spin-1/2), which requires complex laser configurations and precise control of laser parameters, thus has not been realized in experiment. Here we propose that robust Wely points can be realized using 1D triple-well superlattices (spin-1/three-band systems) with 2D transverse SOC achieved by Raman-assisted tunnelings. The presence of the third band is responsible to the robustness of the Weyl points against system parameters (e.g., Raman laser polarization, phase, incident angle, etc.). Different from a spin-1/2 system, the non-trivial topology of Weyl points in such spin-1 system is characterized by both the spin vector and tensor textures, which can be probed using momentumresolved Rabi spectroscopy. Our proposal provides a simple yet powerful platform for exploring Weyl physics and related high-dimensional topological phenomena using high pseudospin ultracold atoms. arXiv:1906.06820v1 [cond-mat.quant-gas] We can redefine the Fermi energy E F as the zero energy point, and rewrite the Hamiltonian as
Introduction.-Weyl semimetal, an exotic topological phase of matter, possesses novel quasi-particle excitations behaving as Weyl fermions in the bulk and intriguing Fermi arcs on the surface [1] [2] [3] [4] [5] . The key feature of Weyl semimetal is the appearance of Weyl points (gapless points in the band structure with linear dispersion in 3D momentum space) characterized by nontrivial topological invariants [3, 4] . Weyl point does not depend on symmetry except the translational symmetry of the crystal lattice, and is the most robust degeneracy which can only be gapped out when annihilates with another Weyl point with opposite topological charge. Due to the fundamental importance of Weyl fermions and the potential application of surface states, significant theoretical and experimental progresses have been made for exploring Weyl physics in both solid-state materials [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] and synthetic systems such as ultracold atomic gases [16] [17] [18] [19] [20] [21] [22] [23] , photonic [24] [25] [26] [27] [28] [29] and acoustic crystals [30] . In contrast to solid-state materials whose complicated band structures make the probing of Weyl-fermion topology elusive, synthetic systems are simple, clean and highly controllable. In particular, recent experimental realization of 1D and 2D spin-orbit coupling in ultrcold atoms makes the atomic system one of the most promising platforms for studying topological effects and novel state of matter [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] .
So far most ultracold atom based schemes [16] [17] [18] [19] [20] [21] [22] [23] for realizing Weyl physics rely on the generation of 3D spinorbit coupling for two pseudospin states (i.e., spin-1/2) in either optical lattices or free space, which require complex laser setups. Furthermore, such Weyl points are usually very sensitive to laser parameters (e.g., phases, polarizations and incident angles), making the experimental realization very challenging with current technique. Weyl points were also proposed in quasi-particle spectra of BCS superfluid with spin-orbit coupling [43] [44] [45] , but the experimental realization of such superfluid is difficult due to heating. Probing non-trivial topology of Weyl points for spin-1/2 systems is another challenging task.
In this paper, we propose a much simpler scheme to realize robust Weyl points and probe their non-trivial topology using a 1D superlattice. Instead of a spin-1/2 system, we consider a three-band (i.e., spin-1) model using a triple-well superlattice, with neighbor site tunnelings assisted by three Raman lasers. The Raman-assisted tunnelings also induce momentum transfer on the transverse plane, leading to 2D SOC in the transverse free space. Our main results are:
i ) The three-band system supports two Weyl points, corresponding to the degeneracy between two-lower and two-upper bands, respectively. Therefore they cannot annihilate with each other and any change in system parameters only shifts their positions, leading to the robustness against variations of laser parameters (e.g., incident angle, intensity, phase, detuning and polarization). Such robustness originates from the high dimensional Hilbert space enabled by the spin-1 system, which reduces the requirement for precisely controlled SOC for spin-1/2 systems.
ii ) For any two neighbor bands, the corresponding surface states would connect the Weyl point to infinite momentum, indicating that there is a virtual Weyl point (with opposite charge) at infinity. This can also be seen by the trajectory of the Weyl point, which may annihilate with its virtual partner only when it is shifted to infinity for certain critical system parameters. Away from these critical values, the Weyl points persist.
iii ) Though the Berry flux around the Weyl point possesses monopole behavior, the spin textures for such spin-1 system is very different from the spin-1/2 system [20] [21] [22] [23] . Since the spin-1 vector may go into the Bloch sphere and even vanish by crossing the center, the non-trivial topology of the Weyl point is characterized not only by the spin vector, but also the spin tensors.
iv ) We propose a simple scheme to detect the nontrivial topology of Weyl points based on momentum- resolved Rabi spectroscopy and time-of-flight imaging. Surprisingly, the additional trivial band near the Weyl points can serve as a reference which greatly simplifies the detection pulse sequence.
The model.-We consider a simple experimental setup shown in Fig. 1(a) , which contains a 1D superlattice along the z direction with 3 sites in each unit cell and is free in 2D xy-plane (i.e., no transverse lattices). The detunings between different sites in the unit cell are large and the bare tunnelings are suppressed significantly. We introduce the Raman-assisted tunnelings using three Raman lasers [46, 47] , with the s-th site in the unit cell addressed by the s-th Raman laser whose frequency difference is chosen to match the lattice site detuning [see Fig. 1(b) ]. The wave vectors should have nonzero components along z to induce the tunneling. The Ramanassisted transitions acquire transverse momentum kicks that are determined by the transverse components of the wave vectors.
We adopt the tight-binding approach along the zdirection, and the Hamiltonian in the momentum space is [48] 
(1) Here k ⊥ = (k x , k y ) is the transverse momentum, and K ⊥,s corresponds to the transverse momentum kick by the s-th Raman laser, which gives the 2D SOC coupling strengths in the transverse direction. The pseudo-spin index s = ↑, 0 ↓ is just the site index in each unit cell, and J s,s (k) is the Raman assisted tunnelings between different sites with detuning δ s . By keeping only the neighbor site tunnelings, we obtain the intra-unit-cell couplings J ↑,0 (k) ≡ J * 0,↑ (k) = J 1 , J 0,↓ (k) ≡ J * ↓,0 (k) = J 2 , and inter-unit-cell coupling as J ↓,↑ (k) = J * ↑,↓ (k) = J 3 e ikz , with J m (m = 1, 2, 3) real since their phases are unimportant and can be gauged out by absorbing them into 
the definition of the spin states (we will assume all J m positive unless otherwise state). The Hamiltonian in Eq. (1) supports two robust Weyl points W 1 and W 2 at [k W1
x , k W1 y , 0] and [k W2
x , k W2 y , π] when all three couplings J m are nonzero and three points K ⊥,s = (K x,s , K y,s ) are non-collinear. The Wely point W 1 corresponds to the degeneracy between two lower bands while W 2 for two upper bands. W 1 and W 2 are related to different bands, therefore they cannot annihilate with each other. Any change in system parameters only shifts the positions of the Weyl points. The typical band structures are shown in Figs. 2(a) and 2(b), where two Weyl points are clearly shown.
Surface arcs and Weyl point trajectories.-In general, Weyl points between any two bands should appear in pairs for a 3D lattice system because the Brillouin zone is a closed manifold without boundary [20] [21] [22] [23] . Our system is free in the xy plane, therefore we could have only one Weyl point between two bands since the momentum space is an open manifold that may have non-vanishing flux on the boundary (at infinite k x and k y ). This can be seen by looking at the surface arcs which can only start (end) at the Weyl points. In 
. Two Weyl points shift to infinite momenta at J3 = 0. (b) The trajectories of Weyl points W1 (blue line) and W2 (red line) when K ⊥,0 = (cos θ, sin θ) rotates in the kx-ky plane, K ⊥,
The two Weyl points shift to infinite momenta at θ = 2π/3 and 4π/3 where K ⊥,0 coincides with K ⊥,↑ and K ⊥,↓ respectively. menta. Shown in Fig. 2(d) are the distributions of the surface states that are well localized at the boundary.
There is only one Weyl point between two neighbor bands, which can annihilate with its virtual partner only when it is shifted to infinity at certain critical system parameters. The only symmetry required here is the lattice symmetry along the z-direction, thus the Weyl points are very robust against system disorders. Shown in Fig. 3 are the trajectories of two Weyl points W 1 and W 2 as functions of J m and K ⊥,s . As one of the coupling J m changes across the critical value 0 (from positive to negative), two Weyl points first disappear then reappear at infinity (k ⊥ → ∞), with k z changing from 0 (π) to π (0) for Weyl point W 1 (W 2 ). The two Weyl points move similarly as K ⊥,s − K ⊥,s changes across the critical value 0, except that k z is fixed for both of them. The Ramanlaser phases are irrelevant since the phases of J m do not affect the band structure (e.g., the phase of J 3 only induces a global shift of all bands along k z ). Finally, the pseudospin is represented by different superlattice sites on the same atomic hyperfine state, making the tunneling J m insensitive to laser polarizations.
Berry flux and spin textures.-The topological properties of the Weyl point can be characterized by the first Chern number [3, 4] 
where S is a momentum-space surface enclosing the Weyl point, and A n (k) = i u n (k)|∇ k |u n (k) is the Berry connection, with |u n (k) the eigenvector (Bloch wave function) of the n-th band. C n = ±1 indicates that the Berry curvature (flux) Ω n (k) = ∇ k ×A n (k) on the closed surface S is quantized, revealing the synthetic magnetic monopole behavior. The distribution of Berry curvatures around W 1 are shown in Fig. 4a (Berry curvatures for dif- ferent bands and different surface S can be found in [48] ), . Notice that the Chern numbers remain unchanged even when the radius of the S approaches infinity, which explains why the surface arcs are connected to infinity momenta, indicating that there is another pair of Weyl points with opposite charges. For a spin-1/2 system, the quantum state is uniquely represented by a point on the Bloch sphere whose coordinates are given by the expectation value of spin vector F . As momentum k runs over a surface enclosing a Weyl point in such spin-1/2 system, F also covers the Bloch sphere once. Spin-1 (and higher) quantum states are quite different: first, its quantum state is not uniquely represented by the spin vector F ; and second, F is not confined to the surface of the Bloch sphere, and could be anywhere on or inside the Bloch sphere. For high spins (≥ 1), the spin moments contain both spin vectors and spin tensors. The quantum state can be uniquely represented by the combination of the spin vector F and a rank-2 spin tensor T with elements T ij = sisj +sj si 2 − s i s j , which is geometrically characterized by an ellipsoid (whose orientation and size are determined by the eigenvectors and the square root of the eigenvalues of T , respectively) [49, 50] . The topology of the Weyl point in our spin-1 system should be characterized by the geometries of both the spin vector and tensor textures, which are fundamentally different from spin-1/2 systems.
In Fig. 4(b) , we show the spin vector distribution F (calculated for the lowest band) around W 1 (spin textures for different bands and different surface S can be found in [48] ). We see that the spin vector may vanish at certain point (blue dot), around which spin vortex emerges. To illustrate how the spin tensor is distributed around W 1 , we consider a loop on S, and study how the ellipsoid rotates along it. Fig. 4(c) shows the spin tensor for the first band along the loop L: k x = r S cos θ, k y = r S sin θ, k z = 0 with r S the radius and θ varies from 0 to 2π (i.e., the equator of S). As θ increases from 0 to 2π, the ellipsoid is reduced to a 2D disk at θ = π where the spin vector crosses the center of the Bloch sphere as shown in Fig. 4(d) ( F vanishes and changes the sign). We notice that the spin vector is confined in the F x -F z plane, which gives rise to zero solid angle. However, beside the size oscillation, the orientation of the spin tensor ellipsoid rotates around y-axis by π, which correspond to exactly a π Berry phase along the loop due to the fact that the Weyl point reduced to a Dirac point in the k z = 0 plane. Similar spin tensor rotation can be obtained for the second band, however, the spin vector crosses the center of the Bloch sphere three times on the loop L, leading to three spin-vector vortices on S [48] .
The nontrivial topology of the Weyl points can also be captured by the trajectories of two Majorana stars (an unordered pair of points on the Bloch sphere) [51] . The Majorana's stellar representation is equivalent with the ( F , T ) representation. As k varies along the loop L, the Berry phase (for a certain band) are characterized by the generalized solid angles subtended by the paths of the Majorana stars. For the loop considered in Fig. 4c , we find that the Majorana stars are confined in the y = 0 plane on the Bloch sphere. As θ increases, just like the spin-tensor ellipsoid, the Majorana stars also rotate with respect to y-axis. Instead of going back to their originate positions after one circle, two Majorana stars exchange as shown in Fig. 4 (e) (corresponding to a π rotation of the ellipsoid), leading to a solid angle π.
Implementation and detection.-Our scheme does not rely on atomic hyperfine level structure, and is applicable to both alkaline atoms (e.g., Lithium, potassium) and alkaline-earth(-like) atoms (e.g., strontium, ytterbium) [52] [53] [54] [55] . The triple-well superlattice could be realized by a superposition of two lattice potentials with one of them having a tripled period,
Using optical frequency tripling [56, 57] , such two lattice potential can be obtained with tunable relative phase φ L , similar as the double well superlattice based on the optical frequency doubling in recent experiments [58] [59] [60] [61] . Alternatively, it can also be realized using lasers with the same wavelength, while the long-period lattice is formed by two beams intersecting with an angle θ = 2 arcsin 1 3 . By choosing proper lattice strengths V 1 , V 2 and the relative phase φ L , the detunings between different sites in a unit cell is tuned to be much larger than the bare nearest neighbor tunneling. The tunnelings can be restored using resonant Raman couplings, as demonstrated by recent experiments in the study of gauge field and supersolidity.
The linear dispersion of the Weyl point can be detected using momentum-resolved radio-frequency (rf) spectroscopy [62] , which has been widely used to study low-energy excitation spectrum and quasiparticles in superfluids and superconductors. Based on energy and momentum conservation, the Weyl point dispersion can be extracted from the time-of-flight absorption image after the rf pulse. In general, direct measurement of non-trivial Berry curvatures and spin textures of Weyl points is very challenging, and simple schemes for probing Weyl-point topology are still elusive. Here we propose that the detection can be realized by the momentum-resolved Rabi spectroscopy [63] with simple pulse sequences. Surprisingly, the simplification comes from the presence of the third band near the Weyl point for our spin-1 system. First, the system is initialized into the pseudo-spin state |s , then the Raman lasers are turned on. By simply measuring the evolution of atom population on state |s at each k, the Bloch wave-function (and thereby the Berry curvatures and spin textures) near the Weyl points can be extracted [48] . There is no need to measure the population on different basis as required for spin-1/2 systems. This is because, beside two non-trivial bands, there is a far detuned trivial band near the Weyl point, which can serve as a reference band, allowing us to determine both amplitudes and phases of the Bloch functions for two non-trivial bands [48] . In realistic experiments, the population of each spin state |s at each k can be measured using a pseudospin Stern-Gerlach effect followed by the time-of-flight imaging [60, 61] .
Conclusion.-In summary, we propose a simple scheme to realize robust Wely points and probe their topology, using a 1D triple-well superlattice with transverse 2D SOC generated by three Raman lasers. The robustness against system parameters such as laser intensities, phases, polarizations and incident angles makes our scheme very flexible, and any fine-tuning or phase-locking techniques are not required. Moreover, we find that the spin-1 Weyl point shows very interesting spin (vector and tensor) textures that have fundamental differences from spin-1/2 systems. Thanks to the three-band structure, these non-trivial topologies can be detected using very simple pulse sequences. A straightforward generalization of our scheme is to consider high-order degeneracies (e.g., three-or four-fold) [64, 65] using even higher spins, which may be realized by using a superlattice with more sites in each unit-cell or by including atomic hyperfine states. Our scheme provides a simple yet powerful platform for exploring Weyl physics and related high-dimensional topological phenomena with ultracold atoms.
should satisfy
The solution for k W z is 0 or π, and the solution for E F and k W ⊥ is given by
We always have solutions as long as J 1,2,3 are nonzero and K ⊥,0 −K ⊥,↑ is not parallel with K ⊥,0 −K ⊥,↓ (i.e., the three points K ⊥,s = (K x,s , K y,s ) are not collinear), which share the same spirit as the recent study of Dirac degeneracy with 2D spin-orbit coupling [1, 2] . However, for pseudo-spin states represented by the atomic hyperfine levels, the 2D Dirac degeneracy is sensitive to the Raman-laser polarizations [1, 2] , and the scheme cannot be generalized to 3D Weyl degeneracy easily.
Berry flux and spin textures on different surfaces
As we discussed in the main text, we have C ≡ [C 1 , C 2 , C 3 ] = [−1, 1, 0] for the Weyl point W 1 , and C = [0, 1, −1] for W 2 . When both W 1 and W 2 are enclosed by S, we have C = [−1, 2, −1]. In Fig. 4a in the main text, we plot the Berry curvature distribution of the first band around W 1 . Figs. S1a and S1(b) show the corresponding Berry curvatures for the other two bands, we see that the total flux for the second (third) band is quantized to 1 (0). Such non-trivial topology can also be characterized by the spin (vector and tensor) textures. For the first band, the spin tensor is rotated by π on the loop L: k x = r S cos θ, k y = r S sin θ, k z = 0 with θ ∈ [0, 2π), and the spin vector crosses the center of the Bloch sphere once (as shown in Figs. 4c and 4d in the main text). Similarly, for the second band which is also non-trivial around W 1 , the spin tensor is also rotated by π on the loop L [see Fig. S1(c) ], while the spin vector crosses the center of the Bloch sphere three times (see Figs. 4d in the main text). For the trivial third band around W 1 , neither π-rotation for the spin tensor nor Bloch center crossing for the spin vector would exist [see Fig. S1(d) ]. We may also consider a different loop L : k z = r S cos θ, k x = r S sin θ, k y = 0 with θ ∈ [0, 2π) around W 1 , and the spin textures are quite similar with the loop L.
When both W 1 and W 2 are enclosed by the momentum surface S, the Berry flux is quantized as C = [−1, 2, −1] [as shown in Figs. S2(a) and S2(c) for the first two bands where S is a cylinder covering the whole Brillouin zone in k z ]. The spin vector distributions are shown in Figs. S2(b) and S2(d) for the first two bands. We see that there is a vortex at k z = 0 for the first band, and six vortices (three at k z = 0 and the other three at k z = π) for the second band. While the Berry flux and spin distributions for the third band is similar with that for the first band, except that the vortex is located at k z = π.
Momentum-resolved Rabi spectroscopy
The Berry curvatures and spin textures can be detected through momentum-resolved Rabi spectroscopy. It has been demonstrated that, for a spin-1/2 system, the Bloch wave function, which directly determines the Berry curvatures and spin textures, can be extracted from the momentum-resolved Rabi spectroscopy realized by proper choice of laser pulse sequences. Surprisingly, for our spin-1 system, the presence of a third band would greatly simplify the pulse 
In the following, we prove that the Bloch wave function can be obtained by simply measuring the final state in the spin basis {|k, s } with s =↑, 0, ↓. Thanks to the presence of the third band that makes the detecting scheme simpler compared with the spin-1/2 system, in which measurement in various bases and thus additional precisely controlled pulses are required. The population on state |k, s of the final state is
We define the averaged populationP s,s asP
and use the Fourier analysis in the time domainP s,s (k, ω) = dτP s,s (k, τ ) cos(ωτ ), we obtain
where relative phase φ n;s,s = φ n;s − φ n;s with φ n;s = arg[U n,s ]. For s = s, we can easily obtain the amplitude of the matrix elements |U n,s | based onP s,s (k, ω) and the unitary property of matrix U . Extracting the phase information is, however, a little bit tricky. For Weyl points in a spin-1/2 system, it is impossible to determine the phase φ n;s,s fromP s,s (k, ω) since both φ n;s,s and φ n ;s ,s changes rapidly near the Weyl point and one can only obtain their summation φ n;s,s + φ n ;s ,s (not to mention that this summation usually vanishes). However, for a spin-1 system, the third band can serve as a reference which allows the determination of the phases for the other two bands.
To show how our detecting scheme works, we focus our discussion on Weyl point W 1 in the following. In the vicinity of Weyl point W 1 , the Bloch function of the two lower bands possess non-trivial topologies due to the degeneracy; while for the highest band, the Bloch function is trivial and almost unchanged. Near the frequency ω = E 3 − E n , we haveP [Ω n + ∇ k × u n (k)|χ|u n (k) ] · dS, (S13) withχ = ∇ kΦ . In the very vicinity of the Weyl point W 1 ,Φ is a constant diagonal matrix, and the second term in the square brackets of the above equation vanishes, the measured Berry curvature and Chern number is the same as the true ones. Far away from the Weyl point,Φ becomes k dependent, and the measured Berry curvature may have small derivations from the true one, however, the measured Chern number is unaffected as long as e −iΦ is non-singular and smooth, which holds for our case when S only encloses one Weyl point W 1 . In Fig. S3 , we show numerical results for the phases extracted fromP s,s and their true values obtained directly from the Hamiltonian on the two loops L and L . For the loop L, we always have φ n;s,s = 0, π, so the Bloch wave function can be extracted solely from |U n,s |, while the phase can be determined simply by the continuous properties. For the loop L with a large radius r S = 1, we see a small derivations of the measured relative phases from their true values.
In realistic experiments, the initialization is realized by first tuning the lattice potential, such that the s-sites have the lowest energy in each unit cell, and loading atoms to the pseudo-spin state |s , then adiabatically tune the potential to the desired superlattices. Next, we can turn on the Raman lasers and let the system evolve with an interval τ . The population of the final state on s -sites at each k (i.e., P s,s (k, τ )) can be measured using a pseudospin Stern-Gerlach effect followed by the time-of-flight imaging [3, 4] .
